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We construct a pseudorandom generator which uses O(logm+logd+log3/2 1/ε) bits and
approximates the volume of any combinatorial rectangle in {1, . . . ,m}d to within ε error.
This improves on the previous construction using O(logm+logd+log2 1/ε) bits by Armoni,
Saks, Wigderson, and Zhou [4]. For a subclass of rectangles with at most t ≥ log1/ε
nontrivial dimensions and each dimension being an interval, we also give a pseudorandom
generator using O(log logd+ log1/ε log1/2 t

log1/ε
) bits. This again improves the previous

upper bound O(log logd+log1/ε log t
log1/ε

) by Chari, Rohatgi, and Srinivasan [5].

1. Introduction

Pseudorandom generators for combinatorial rectangles have been actively
studied recently, because they are closely related to some fundamental prob-
lems in theoretical computer science, such as derandomizing RL, DNF ap-
proximate counting, and approximating the distributions of independent
multivalued random variables.

Let V be a finite set with uniform distribution. The volume of a set A⊆V
is defined as

vol(A) = Px∈V [x ∈ A] =
|A|
|V | .

Let A be a family of subsets from V . We want to sample from a much smaller
space, instead of from V , and still be able to approximate the volume of any
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subset A∈A. We call a deterministic function g :{0,1}�→V an ε-generator
using � bits for A, if for all A∈A,

|Py∈{0,1}� [g(y) ∈ A]− vol(A)| ≤ ε.

For a positive integer k, let [k] denote the set {1, . . . ,k}. For positive
integers m and d, a combinatorial rectangle of type (m,d) is a subset of [m]d

of the form R1×·· ·×Rd, where Ri⊆ [m] for all i∈ [d]. Let R(m,d) denote the
family of all such rectangles. The volume of a rectangle R∈R(m,d) is now∏

i∈[d]
|Ri|
m . Our goal is to find explicit ε-generators with small � for R(m,d)

and its subclasses.
As observed by Even, Goldreich, Luby, Nisan, and Veličković [6], this

is a special case of constructing pseudorandom generators for RL. Nisan’s
generator for RL [14] is currently the best, using O(log2n) bits. Because it
has many important applications and no improvement has been made for
several years, one might hope that solving this special case could shed some
light on the general problem.

It’s easy to show that a random function mapping from O(logm+logd+
log1/ε) bits to [m]d is very likely to be an ε-generator for R(m,d). However,
the efficient construction of an explicit one still remains open. Even et al. [6]
gave two ε-generators. One uses O((logm+logd+log1/ε) log 1/ε) bits based
on k-wise independence, and the other uses O((logm+logd+log1/ε) log d)
bits based on Nisan’s generator for RL. Armoni et al. [4] observed that
the generator of Impagliazzo, Nisan, and Wigderson [9] for communica-
tion networks also gives an ε-generator for R(m,d) using O(logm+(logd+
log1/ε) logd) bits, which is good when d is small. They then reduced the
original problem to the case when d is small (a formal definition of reduc-
tions will be given in the next section), and used the INW-generator to get
an ε-generator for R(m,d) using O(logm+logd+log2 1/ε) bits.

When m, d, and 1/ε are polynomially related, say all nΘ(1), all previous
generators still use Θ(log2n) bits, which is the current barrier for its gener-
alized problem — constructing generators for RL. We break this barrier for
the first time, and give an ε-generator for R(m,d) using O(logm+logd+
log3/2 1/ε) bits. Our construction is based on that of Armoni et al. [4], and
uses two more reductions to further reduce the dimension before applying the
INW-generator. The overall construction can be seen as a composition of sev-
eral generators for rectangles. Independently, Radhakrishnan and Ta-Shma
[18] have a generator using O(logm+(log logm+logd+log1/ε) log1/2 1/ε)
random bits, based on a very similar idea.

We also observe that further improvements can be made if one can do
better for a special case. Let R(m,d,k) be the set of rectangles from R(m,d)
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with at most k nontrivial dimensions (those not equal to [m]). We show
that if an explicit ε-generator using O(k+ logm+ logd+ log1/ε) bits for
R(m,d,k) exists, we can construct an explicit ε-generator using O(logm+
logd+log1/ε log log1/ε) bits for R(m,d). Unfortunately we still don’t know
how to construct such a generator for R(m,d,k).

Another interesting special case is for rectangles where each dimension
is an interval. Let B(m,d,k) be the set of rectangles from R(m,d,k) with
each dimension being an interval. Even et al. [6] observed that the problem of
approximating the distribution of independent multivalued random variables
can be reduced to this case. They gave a generator using O(k+logd+log1/ε)
bits. This is good when k = O(log1/ε). For the case k ≥ log1/ε, Chari et
al. [5] gave a generator using O(log logd+ log1/ε log k

log1/ε) bits. Here, we

improve this again to O(log logd+log1/ε log1/2 k
log1/ε ).

We will not emphasize the efficiency of our generators, but one can easily
check that all the generators can be computed in simultaneous (md/ε)O(1)

time and O(logm+logd+log1/ε) space.
It’s worth mentioning that the hitting version of our problem has already

been settled. Linial, Luby, Saks, and Zuckerman [11] gave an explicit gen-
erator using O(logm+log logd+log1/ε) bits that can hit any rectangle in
R(m,d) of volume at least ε. In fact the work of Armoni et al. [4] followed
closely this result, and so does ours.

2. Preliminaries

2.1. Notations

For a set V , we let 2V denote the family of subsets of V . For a rectangle
R∈R(m,d) and a set of indices I ⊆ [d], we let RI denote the subrectangle
of R restricted to those dimensions in I. Similarly, for a vector v∈ [m]d and
I⊆ [d], let vI be the subvector of v restricted to those dimensions in I.

A function from A to B can be seen as a vector in B|A|, and vice versa.
We say that a class F of functions can be identified with [|F|] if there is
a one-to-one mapping from [|F|] onto F that can be efficiently computed.
Whenever we can identify a class F of functions with [|F|], we can use
numbers in [|F|] to represent functions in F . For a function f :A→ [m]d, an
element x∈A, and an index y ∈ [d], we will use f(x)(y) to denote the yth
dimension in the vector f(x)∈ [m]d.

When we sample from a finite set, the default distribution is the uniform
one over that set. All the logarithms throughout this paper will have base 2.
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2.2. k-wise Independent Hash Function Family

Let n1,n2 be integers. Recall the correspondence between functions and vec-
tors. A family H of functions from [n1] to [n2] is called a (k,ε) independent
hash function family if for any I⊆ [n1] with |I|≤k and for any v∈ [n2]|I|,∣∣∣∣∣Ph∈H [hI = v]−

(
1
n2

)|I|
∣∣∣∣∣ ≤ ε.

A (k,0) independent hash function family is called a k-wise independent
hash function family.

A standard construction of k-wise independent hash function family [12,
1], denoted as Hk(n1,n2), has size (max{n1,n2})k and can be identified with
[|Hk(n1,n2)|].

A (k,ε) independent hash function family can be derived from the con-
structions of Alon, Goldreich, Hastad, and Peralta [2], or Naor and Naor
[13], by using their k logn2-wise ε-biased sample space over {0,1}n1 logn2 .
Let Hk,ε(n1,n2) denote such a family, which has size (k logn2

ε )O(1) and can
be identified with [|Hk,ε(n1,n2)|].

2.3. Extractors

For a distribution D over a set S, let D(i), for i∈S, denote the probability of
i according to D, let D(A)=

∑
a∈A

D(a) for A⊆S, and define the min-entropy

of D as mina∈S:D(a)>0 log1/D(a). The distance between two distributions
D1 and D2 over S is defined as maxA⊆S |D1(A)−D2(A)|. For a positive
integer n, let Un denote the uniform distribution over {0,1}n.

Extractors were first defined by Nisan and Zuckerman [16]. They are used
to extract randomness from weakly random sources, and turn out to have
many other applications [15].

Definition 2.1. [16] A function E : {0,1}s ×{0,1}t → {0,1}� is called an
(s,r, t,�,δ)-extractor if for x chosen from any distribution over {0,1}s with
min-entropy at least r, and y chosen from Ut, the distribution of E(x,y) has
distance at most δ to U�.

An extractor takes s bits with min-entropy at least r, invests t truly
random bits, and extracts � quasi-random bits. One would like to have ex-
tractors with small t and large �. A recent breakthrough by Trevisan [20]
achieves t=O(logs/δ) and �= rO(1) for any r= sΩ(1), and leads to a series
of further improvements (e.g. [17,10,19]).
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2.4. Reductions

We adopt the notion of reduction introduced by Armoni et al. [4]. It enables
us to reduce a harder problem to an easier one, and then focus our attention
to solving the easier problem. A class F of functions from a set V2 to a set
V1 defines a reduction from V1 to V2. Let A1 ⊆ 2V1 and A2 ⊆ 2V2 . F is said
to be (A1,A2,ε)-good [4], if for each R∈A1 the following hold:
1. ∀f ∈F ,f−1(R)∈A2, and
2. |Ef∈F [vol(f−1(R))]−vol(R)|≤ε.

Suppose now that F is (A1,A2,ε1)-good and g : {0,1}s → V2 is an ε2-
generator for A2. Armoni et al. [4] showed that the function g′ :{0,1}s×F→
V1, defined as g′(y,f) = (f ◦ g)(y), is an (ε1 + ε2)-generator for A1. The
reduction cost of F is log |F|, which is the number of extra bits needed for
the new generator. The following lemma follows immediately.

Lemma 2.1. [4] For each i, 0≤ i≤ �, let Vi be a set and Ai⊆2Vi . Suppose
that Fi is (Ai−1,Ai,εi−1)-good for 1 ≤ i ≤ �, and g : {0,1}s → V� is an ε�-
generator for A�. Then the function g′ :{0,1}s×F1×·· ·×F�→V0 defined as

g′(x,f1, . . . ,f�)=(f1 ◦· · · ◦f� ◦g)(x), is a

(
�∑

i=0
εi

)
-generator for A0.

So to construct a generator for A0, it suffices to find a series of reductions
from A0 to A�, and then find a generator for A�.

Notice that an (A1,A2,ε)-good reduction F actually corresponds to a
special kind of ε-generator for A1. Let h :V2×F→V1 be defined as h(y,f)=
f(y). Then for all R∈A1,

|P(y,f)∈V2×F [h(y, f) ∈ R]− vol(R)| = |Ef∈F [Py∈V2 [f(y) ∈ R]]− vol(R)|
= |Ef∈F [vol(f−1(R))]− vol(R)|.

So the second condition holds if and only if h is an ε-generator for A1. The
first condition guarantees that one part of h’s input, V2, can come from
the output of a generator for A2, and makes the composition of generators
possible. So one way of finding a reduction is to use some generator that
might use many bits but can be composed with other generators.

3. The Pseudorandom Generator for R(m,d)

3.1. An Overview of the Construction

The INW-generator uses O(logm+(logd+log1/ε) log d) bits, which is good
when d is small. The idea of Armoni et al. [4] is to reduce the dimension of
rectangles first to d′=(1/ε)O(1) before applying the INW-generator.
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In addition to that, we also reduce m to m′ = (1/ε)O(1). The INW-
generator for R(m′,d′) needs O(logm′+(logd′+log1/ε) logd′)=O(log1/ε+
log2 1/ε) bits. Observe that we do not lose by letting m′ increase a little.
By allowing m′ to grow to m′′ = (1/ε)O(

√
log1/ε), we are able to reduce

d′ to d′′ = 2O(
√

log1/ε). The INW-generator now uses O(log3/2 1/ε) bits for
R(m′′,d′′). The total reduction cost is O(logm+logd+log3/2 1/ε), and we
have the desired generator for R(m,d).

More precisely, we will use the following three reductions.
• F1 is called the first dimension reduction family, and is used to reduce d to
d1=(1/ε)O(1). It is (R(m,d),R(m1,d1),ε/4)-good, where m1=(md)O(1).
The reduction cost is O(logd).

• F2 is called the range reduction family, and is used to reduce m1 to
m2=(1/ε)O(1). It is (R(m1,d1),R(m2,d2),ε/4)-good, where d2=d1. The
reduction cost is O(logm+logd+log1/ε).

• F3 is called the second dimension reduction family, and is used to re-
duce d2 to d3 = 2(3log 12

ε )/(k−1), with k a parameter to be chosen to
optimize our construction. It is (R(m2,d2),R(m3,d3),ε/4)-good, where
m3 = |Hk(d2,m2)| = (1/ε)O(k). The reduction cost is log |Hk(d2,d3)| =
O(k log1/ε).

Together with the ε/4-generator for R(m3,d3) from the INW-generator, we
have an ε-generator for R(m,d). The number of bits used depends on k, and
choosing k=log1/2 1/ε results in the minimum O(logm+logd+log3/2 1/ε).

3.2. The First Dimension Reduction Function Family

Let F1 be the reduction family used by Armoni et al. [4], which is the
composition of three reduction families. F1 is (R(m,d),R(m1,d1),ε/4)-good,
where m1 =(dm)O(1), d1 =(1/ε)O(1), and each is a power of 2. |F1|=dO(1).
Let V1=[m1]d1 .

3.3. The Range Reduction Function Family

Recall the definition of extractors from Section 2.3. The idea of using extrac-
tors for range reduction was inspired by that of Radhakrishnan and Ta-Shma
[18]. We will borrow an extractor-based generator of Nisan and Zuckerman
[16], which was originally used to fool randomized space-bounded compu-
tation. The extractor we need here is one that works well for sources with
very high min-entropy, and the best one for our purpose is an extractor of
Goldreich and Wigderson [8].
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Lemma 3.1. [8] There are constants c1 and c2 such that for any �, s, γ,
and δ, with s>γ, s−γ>�, and δ>2−(s−�−c1γ)/c2 , an explicit (s,s−γ,O(γ+
log 1

δ ), �,δ)-extractor exists.

Choose δ = ε/(4d1), γ = �log1/δ�, and �= logm1, where d1 and m1 are
from the first reduction. Choose s = �+ cγ = O(logm+ logd+ log1/ε) for
some constant c, such that 2−(s−�−c1γ)/c2 =2−((c−c1)/c2) log1/δ<2logδ=δ. For
this setting, let A denote the explicit (s,s−γ,t,�,δ)-extractor guaranteed by
Lemma 3.1, for some t=O(γ+log1/δ)=O(log 1/ε).

The building block of Nisan and Zuckerman’s generator [16], when using
the extractor A, has the form G :{0,1}s×{0,1}td1 → [m1]d1 , where

G(x, y1, . . . , yd1) = (A(x, y1), . . . , A(x, yd1)).

For R=R1×·· ·×Rd1 ∈R(m1,d1), we first show that

|Px,y1,...,yd1
[(A(x, y1), . . . , A(x, yd1)) ∈ R]− vol(R)| ≤ d1δ =

ε

4
.

For i∈ [d1], let Di(x,y1, . . . ,yi) denote the event that (A(x,y1), . . . ,A(x,yi))
is in R1 × ·· · ×Ri. Also let pi = Px,y1,...,yi [Di(x,y1, . . . ,yi)], qi =

∏i
j=1

|Rj |
m1

,
and ri+1 =Px,y1,...,yi+1[A(x,yi+1)∈Ri+1|Di(x,y1, . . . ,yi)]. The following is a
simplified version of a lemma due to Nisan and Zuckerman [16], based on
our choice of parameters.

Lemma 3.2. For any i∈ [d1], |pi−qi|≤ iδ.

Proof. Use induction on i. It’s true for i=1 from the definition of extractors.
Assuming |pi−qi|≤ iδ, we will show that |pi+1−qi+1|≤(i+1)δ.

|pi+1 − qi+1| =
∣∣∣∣piri+1 − pi

|Ri+1|
m1

+ pi
|Ri+1|
m1

− qi
|Ri+1|
m1

∣∣∣∣
≤ pi

∣∣∣∣ri+1 −
|Ri+1|
m1

∣∣∣∣+ |pi − qi|.

There are two cases.

• pi≤δ: |pi+1−qi+1|≤δ+ iδ=(i+1)δ.

• pi>δ:

The distribution of x conditioned on Di(x,y1, . . . ,yi) has min-entropy
at least s − log1/δ ≥ s − γ. From Lemma 3.1, |Px,y1,...,yi [A(x,yi+1) ∈
Ri+1|Di(x,y1, . . . ,yi)]− |Ri+1|

m1
|≤δ, and |pi+1−qi+1|≤δ+ iδ=(i+1)δ.
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Now let m2 = 2t = (1/ε)O(1), d2 = d1, and V2 = [m2]d2 . Consider the
reduction family F2 = {fx | x ∈ {0,1}s}, where fx : V2 → V1 is defined as
follows

fx(y1, . . . , yd2) = G(x, y1, . . . , yd1).

Then f−1
x (R) = R′

1 × ·· ·×R′
d2

∈ R(m2,d2), where R′
i = {yi | A(x,yi) ∈ Ri}.

Also,

|Ex[vol(f−1
x (R))]− vol(R)| = |Px,y1,...,yd1

[G(x, y1, . . . , yd1) ∈ R]− vol(R)|
≤ ε/4.

So we have the following lemma.

Lemma 3.3. F2 is (R(m1,d1),R(m2,d2),ε/4)-good.

3.4. The Second Dimension Reduction Function Family

Let R=R1×·· ·×Rd2 ∈R(m2,d2). We want to partition the d2 dimensions
of R into d3 parts using some function h : [d2]→ [d3] in the natural way. For
q ∈ [d3], those dimensions of R that are mapped to q form a subrectangle
Rh−1(q) =

∏
i∈h−1(q)Ri, where h−1(q) is the set {i ∈ [d2] : h(i) = q}. Recall

the correspondence between fnctions and vectors. Based on the idea of Even
et al. [6], the volume of a subrectangle can be approximated by sampling
from the k-wise independent space G = Hk(d2,m2). Then vol(R) can be
approximated by sampling from d3 independent copies of G, one for each
subrectangle. So the rectangle R(h) = R′

1 × ·· · ×R′
d3
, where R′

q = {p ∈ G :
ph−1(q) ∈Rh−1(q)}, should have a volume close to that of R=Rh−1(1)×·· ·×
Rh−1(d3). The dimension is reduced to d3. The error depends on the choice
of k and h. We will show that for k=O(log1/2 1/ε) and h chosen uniformly
from H=Hk(d2,d3), the expected error is at most ε/4.

More formally, let d3 = 2(3log 12
ε )/(k−1), m3 = |G|, V3 = [m3]d3 , and F3 =

{fh :h∈H}, where fh :V3→V2 is defined as follows

fh(p1, . . . , pd3) = (ph(1)(1), . . . , ph(d2)(d2)).

Then for R∈R(m2,d2) and fh∈F3, f−1
h (R)=R(h)∈R(m3,d3).

We also need the following notation for the proofs below. For R=R1×
·· ·×Rd2 ∈R(m2,d2), let R̃ denote the rectangle R1×·· ·×Rd2 ∈R(m2,d2),
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where Ri=[m2]\Ri. For i,j∈ [d2] and I⊆ [d2], denote

δi =
|Ri|
m2

,

π(I) = vol(R̃I) =
∏
i∈I

δi, with π(∅) = 1

γ(I) = Pp∈G[pI ∈ R̃I ], and

τj(I) =
∑

J⊆I,|J |=j

π(J), with τ0(∅) = 1.

The approximation error of each subrectangle can be bounded in the
following way, as shown by Even et al. [6]. We include the proof for com-
pleteness.

Proposition 3.1. [6] ∀I⊆ [d2], |Pp∈G[pI ∈RI ]−vol(RI)|≤τk(I)
Proof. G is a k-wise independent space, so for any J ⊆ I with |J | ≤ k,
π(J) = γ(J). From the principle of inclusion and exclusion, we have the
following.

vol(RI) =
∏
i∈I

(1− δi) =
∑
J⊆I

(−1)|J |π(J) =
k∑

j=0

(−1)jτj(I) +
|I|∑

j=k+1

(−1)jτj(I).

Pp∈G[pI ∈ RI ] =
∑
J⊆I

(−1)|J |γ(J) =
k∑

j=0

(−1)jτj(I)+
|I|∑

j=k+1

(−1)j
∑

J⊆I,|J |=j

γ(J).

Now the proposition follows because both vol(RI) and Pp∈G[pI ∈RI ] fall

between
k−1∑
j=0

(−1)jτj(I) and
k∑

j=0
(−1)jτj(I).

The approximation error of any partition can be bounded as follows.
Lemma 3.4. ∀h : [d2]→ [d3], |vol(R(h))−vol(R)|≤ ∑

q∈[d3]
τk(h−1(q))

Proof.

vol(R) =
∏

q∈[d3]

vol(Rh−1(q)).

vol(R(h)) =
∏

q∈[d3]

Pp∈G[ph−1(q) ∈ Rh−1(q)].

This lemma follows from the previous proposition and the known fact

that |∏�
i=1xi−

∏�
i=1 yi|≤

�∑
i=1

|xi−yi| when 0≤xi,yi≤1 for all i∈ [�].

Finally, we can bound the expected approximation error.
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Lemma 3.5. For R∈R(m2,d2), |Eh∈H [vol(R(h))]−vol(R)|≤ ε
4 .

Proof.

|Eh∈H [vol(R(h))]− vol(R)| ≤ Eh∈H [|vol(R(h))− vol(R)|]

≤ Eh∈H


 ∑
q∈[d3]

τk(h−1(q))




=
∑

q∈[d3]

Eh∈H


 ∑
I⊆h−1(q),|I|=k

π(I)




=
∑

q∈[d3]

∑
I⊆[d2],|I|=k

Ph∈H [∀i ∈ I h(i) = q]π(I)

=
∑

q∈[d3]

∑
I⊆[d2],|I|=k

(1/d3)kπ(I)

= (1/d3)k−1τk([d2]).

Let α=
∑

i∈[d2]
δi. There are two cases depending on the value of α.

• α≤ log 12
ε :

τk([d2]) gets its maximum value when δi= α
d2

for all i∈ [d2]. So τk([d2])≤

(ed2
k )k( α

d2
)k ≤

(
e log 12

ε
k

)k

, which is again maximized when k= log 12
ε . So for

d3=2(3log 12
ε )/(k−1), we have

|Eh∈H [vol(R(h))]− vol(R)| ≤ 2−3 log 12
ε elog

12
ε

= 2−(3−log e) log 12
ε

=
(
ε

12

)3−log e

≤ ε

12
.

• α> log 12
ε :

In this case, both Eh∈H [vol(R(h))] and vol(R) are small, so their difference

is small. First, vol(R)=
∏

i∈[d2](1−δi)≤2
−
∑

i∈[d2]

δi

< ε
12 .

Next, we show that Eh∈H [vol(R(h))]≤ ε
3 . Let d

′ be the smallest integer
such that log 12

ε − 1 <
∑

i∈[d′]
δi ≤ log 12

ε . Let R′ = R[d′] × [m2]d2−d′ . From the
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previous case Eh∈H [vol(R′(h))]≤vol(R′)+ ε
12 . So

Eh∈H [vol(R(h))] ≤ Eh∈H [vol(R′(h))]

≤ vol(R′) +
ε

12

≤ 2
−
∑

i∈[d′]
δi

+
ε

12
≤ 2− log 12

ε
+1 +

ε

12
=
ε

4
.

0≤Eh∈H [vol(R(h))],vol(R)≤ ε
4 . So |Eh∈H [vol(R(h))]−vol(R)|≤ ε

4 .

So we have the following lemma.

Lemma 3.6. F3 is (R(m2,d2),R(m3,d3), ε4)-good.

3.5. The Main Theorem

We have shown that Fi is (R(mi−1,di−1),R(mi,di), ε4)-good, for 1≤ i≤ 3.
The INW-generator gives us an ε

4 -generator for R(m3,d3). From Lemma 2.1,
we have an ε-generator for R(m,d). We summarize the key parameters used
in the reductions:

• The first dimension reduction:

– Cost: log |F1|=O(logd).
– New dimension: d1=(1/ε)O(1).
– New range: m1=(md)O(1).

• The range reduction:
– Cost: log |F2|=O(logm+logd+log1/ε).
– New dimension: d2=d1.
– New range: m2=(1/ε)O(1).

• The second dimension reduction:
– Cost: log |F3|=log |Hk(d2,d3)|≤k logd2=O(k log1/ε).

– New dimension: d3=2(3 log 12
ε

)/(k−1).
– New range: m3= |Hk(d2,m2)|=(1/ε)O(k).

• The ε
4 -generator for R(m3,d3):
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– Number of random bits: O(logm3 + (logd3 + log1/ε) logd3) =
O(k log1/ε+1/k log2 1/ε).

The total number of random bits used by our generator is O(logd+logm+
k log1/ε + 1/k log2 1/ε), which gets its minimum value O(logm+ logd +
log3/2 1/ε) at k=O(log1/2 1/ε). So we have our main theorem.

Theorem 3.1. There is an explicit ε-generator for R(m,d), using O(logm+
logd+log3/2 1/ε) bits.

4. A Potential Improvement

The key component of our construction is the second dimension reduction
family F3. In this section, we will study the possibility of improving this
reduction and how this would lead to a more efficient generator construction.

First, we can replace the k-wise independent hash function family H,
used for partitioning dimensions, by the (k,ε) independent hash family H ′=
Hk,ε/d3

(d2,d3), described in Section 2.2. It guarantees that for any I ⊆ [d2]
with |I|≤k and for any y∈ [d3]d2 ,∣∣∣∣∣Px∈H′ [xI = yI ]−

(
1
d3

)|I|
∣∣∣∣∣ ≤ ε

d3
.

H ′ has size (k logd2

ε )O(1) =(1
ε )

O(1), and can be identified with |H ′|. One can
easily verify that only an additional O(ε) error is introduced in Lemma 3.5,
and now the reduction cost for F3 is O(log1/ε). From now on we will use
H ′ instead of H in F3.

Next, recall from the previous section that m3= |Hk(d2,m2)|=(1/ε)O(k)

and d3 = 2(3 log1/ε)/(k−1). Larger k implies smaller d3 but larger m3. The
optimum is attained at k =Θ(log1/2 1/ε). If we can replace Hk(d2,m2) by
a smaller space, we might be able to choose a larger k and get a smaller
d3. Remember that d3 copies of Hk(d2,m2) are used to approximate the
volumes of the d3 subrectangles of R partitioned by a function h : [d2]→ [d3].
The approximation is guaranteed by the fact that for R∈R(m2,d2) and for
J⊆ [d2] with |J |≤k,

|γ(J)− π(J)| = |Pp∈G[pJ ∈ R̃J ]− vol(R̃J )| = 0.

We want to use a smaller space by allowing a small error ε′ instead of 0 above.
The approximate k-wise independent space does not help here, because it
needs Ω(k logm2+log1/ε′) bits to achieve an error ε′ here, no better than G.
However, observe that what we need here is to approximate the volume of a



PSEUDORANDOM GENERATORS FOR RECTANGLES 429

rectangle with at most k nontrivial dimensions. This turns out to be a special
case of our original problem — constructing a pseudorandom generator for
R(m,d,k).

Suppose that g :{0,1}s → [m2]d2 is an ε′-generator for R(m,d,k). In F3,
we replace Hk(d2,m2) by the space generated by g. Let m3=2s. For h∈H ′,
let fh : [m3]d3 → [m2]d2 be defined as follows

fh(x1, . . . , xd3) = (g(xh(1))(1), . . . , g(xh(d2))(d2)).

For R=R1×·· ·×Rd2 ∈R(m2,d2), f−1
h (R)=R(h)=R′

1×·· ·×R′
d3
∈R(m3,d3),

where R′
q={x∈ [m3] :g(x)h−1(q)∈Rh−1(q)}. Then for J⊆h−1(q) with |J |≤k,

|Px∈[m3][g(x)J ∈ R̃J ]−vol(R̃J)|≤ε′. So, for any h : [d2]→ [d3],

|vol(R(h))− vol(R)| ≤
∑

q∈[d3]




 ∑

J⊆h−1(q),|J |≤k

ε′


+ τk(h−1(q))




≤ dk+2
2 ε′ +

∑
q∈[d3]

τk(h−1(q)),

and |Eh∈H′ [vol(R(h))]−vol(R)|≤dk+2
2 ε′+ ε

4 =ε/2, for ε
′= ε

4dk+2
2

.

So if we have a better ε′-generator for R(m2,d2,k), we can choose a larger
k and thus a smaller d3.

Theorem 4.1. If there exists an explicit ε-generator for R(m,d,k) using
O(k+logd+logm+log 1

ε ) bits, then there exists an explicit ε-generator for

R(m,d) using O(logd+logm+log 1
ε log log

1
ε ) bits.

Proof. Using the ε′-generator for R(m2,d2,k) in F3 gives

m3 =

(
2kd2m2

ε/dk2

)O(1)

=

(
dk2
ε

)O(1)

.

We want to repeatedly reduce the dimensions of rectangles. Notice that each
time the dimension is reduced, we can choose a larger next k.

For 3≤ i≤�=log log 12
ε − log log log 12

ε , let

ki = 2i,

di = 2O((log 1
ε
)/ki) = 2O((log 1

ε
)/2i),

εi =
ε

4dki+2
i−1

= εO(1), and

mi =

(
2kimi−1di−1

εi

)O(1)

=
(
1
ε

)O(i)
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For 3≤ i≤�, let Fi be the modified dimension reduction discussed previously
in this section, using the assumed εi-generator for R(mi−1,di−1,ki). One
can check that each Fi is (R(mi−1,di−1),R(mi,di),ε)-good. Using the INW-
generator as an ε-generator forR(m�,d�), we have an O(ε log log 1

ε )-generator
for R(m,d). The total number of bits used is

�∑
i=1

log |Fi|+O(logm� + (log d� + log 1
ε ) log d�)

= O
(
logm+ log d+ log 1

ε + log 1
ε log log 1

ε

+ logm� +
(
log d� + log 1

ε

)
log d�

)
= O(logm+ log d+ log 1

ε log log 1
ε ).

Replacing ε log log 1
ε by ε, we have an ε-generator for R(m,d) using O(logm+

logd+log 1
ε log log

1
ε ) bits.

We don’t know yet how to construct such an explicit ε-generator for
R(m,d,k) using O(k+ logd+ logm+ log1/ε) bits. Using an idea of Auer,
Long, and Srinivasan [3], we can derive one using O(logk+logm+log3/2 1/ε)
bits, which improves their upper bound, but does not serve our purpose
here.

5. The Pseudorandom Generator for B(m,d,t)

Recall that B(m,d,t) denote the class of rectangles from R(m,d) with at
most t nontrivial dimensions and each dimension being an interval. For
B(m,d,t), Even et al. [6,7] have an ε-generator using O(t+log logd+log1/ε)
bits. Unfortunately, we cannot apply the iterative procedure in the previous
section to B(m,d,d) because after applying the dimension reduction once,
each dimension is no longer an interval.

For t ≥ log1/ε, Chari et al. [5] had an ε-generator for B(m,d,t) using
O(log logd+log 1

ε log
t

log1/ε ) bits, a significant improvement in the dependence
on t. This is improved again by the following theorem.

Theorem 5.1. For t≥ log1/ε, there is an explicit ε-generator for B(m,d,t),
using O

(
log logd+log 1

ε log
1/2 t

log1/ε

)
bits.

Proof. Here we use only one reduction, a modified dimension reduction
similar to that in Section 4, while the first two reductions of Section 3 are
not needed. Let k≤ t be a parameter to be chosen later. For ε′ = ε(kt )

O(k),
let g : {0,1}s → [m]d be the ε′-generator of Even et al. for B(m,d,k). Let
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m′=2s and d′=2(3log 12
ε )/(k−1). Given R=R1×·· ·×Rd∈B(m,d,t), assume

w.l.o.g. that the first t dimensions are nontrivial. Similar to Section 4, for
h∈H ′=Hk,ε(d,d′), let the reduction function fh : [m′]d

′ → [m]d be defined as

fh(x1, . . . , xd′) = (g(xh(1))(1), . . . , g(xh(d))(d)).

Then
R(h) = f−1

h (R) = R′
1 × · · · ×R′

d ∈ R(m′, d′),
where R′

q ={x∈ [m′] :g(x)h−1(q)∈Rh−1(q)}.
For J �⊆ [t],

|Px∈[m′][g(x)J ∈ R̃J ]− vol(R̃J)| = 0,

because Rj =∅ for j �∈ [t]. For J⊆ [t] with |J |≤k,

|Px∈[m′][g(x)J ∈ R̃J ]− vol(R̃J)| ≤ 2|J |ε′,

as each R̃J is the union of at most 2|J | rectangles from B(m, |J |, |J |). Then

|Eh∈H′ [vol(R(h))]− vol(R)| ≤
k∑

j=0

∑
J⊆[t],|J |=j

2jε′ + Eh∈H′


 ∑
q∈[d′]

τk(h−1(q))




≤
(
t

k

)O(k)

ε′ +O(ε)

≤ O(ε).

Combined with the INW-generator, we get an ε-generator. The number of
random bits used is

|H ′|+O
(
logm′ +

(
log d′ + log

1
ε

)
log d′

)

= O

(
log

k log d
ε

)
+O

(
k + log log d+ log

1
ε′

+
(
log 1/ε
k

+ log
1
ε

)
log 1/ε
k

)

= O

(
log k + log log d+ log

1
ε
+ k log

t

k
+

1
k
log2 1

ε

)
,

which is
O

(
log log d+ log

1
ε
log1/2 t

log 1/ε

)

when k= log1/ε

log1/2 t
log1/ε

.
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